Abstract. In this article we describe a model for subnormal semigroups of composition operators (with linear fractional symbol) acting on the Hardy space H 2 . We also discuss cyclicity of such semigroups in the context of more general results studied by J. H. Shapiro and P. S. Bourdon.
Introduction
Let A(∆) denote the space of all analytic functions in the unit disk ∆ with the topology of uniform convergence on compact subsets of ∆, and let H be a linear subspace of A(∆). If ψ is an analytic self-map of ∆ such that f • ψ belongs to H for all f ∈ H, then ψ induces a linear operator C ψ : H → H defined as C ψ (f ) := f • ψ. C ψ is called the composition operator with symbol ψ.
As usual, we will denote by H 2 the Hilbert space
where the vector operations are the pointwise ones, and the inner product is given by
H 2 0 will denote the orthogonal complement of the constant functions in H 2 ; that is,
a 0 = 0} = {f ∈ H 2 : f (0) = 0}.
Definition 1.1. Let H be a Hilbert space. An operator S ∈ L(H) is said to be subnormal if there is a Hilbert space K containing H and a normal operator N ∈ L(K) such that N | H = S. An operator T ∈ L(H) is said to be hyponormal if T * T ≥ T T * .
In [10] the author pointed out that as a consequence of a result of C. C. Cowen (cf. [4] ) if ψ : ∆ → ∆ is a linear fractional map, and the composition operator
is hyponormal, then C ψ is unitarily equivalent to a composition operator with symbol φ of the form
, z ∈ ∆, a > 0.
We also showed in [10] that if φ is a symbol of the form (1.1), then φ induces a strongly continuous one-parameter semigroup of subnormal composition operators. More precisely, we may define non-negative powers of φ a by the formula 
The purpose of these notes is to exhibit a model, as a semigroup of multiplication operators, of {C λ φa }, as well as to describe certain cyclicity properties of it.
A model for subnormal semigroups of operators
The following is a well-known result due to T. Itô [12] . 
Theorem 2.3 (T. Itô). Any two minimal normal extensions
Definition 2.6. A semigroup of operators T = {T s } s>0 is said to be non-degenerate if the common null space N (T ) of the operators T s is {0}.
Proposition 2.7. If {N t } t≥0 is the minimal normal extension of a non-degenerate subnormal semigroup {S
Proof. This follows from the definition of m.n.e., Theorem 2.3 and the fact that the kernel of a normal operator reduces it.
The following result also involves semigroups of normal operators (cf. [17] ). A proof can be found in [14] . 
where
The vector x 0 is said to be cyclic for T . If there is family of vectors {x s } s>0 ⊆ H such that T (s)x t = x s+t , ∀ s, t > 0, and {x s : s > 0} = H, then T is said to be quasicyclic, and the family {x s } s>0 is called a quasicyclic family for T .
Using Theorem 2.8 we can slightly modify the proof of a result by R. Frankfurt ([9] ) to establish our next result. We will need first the following definition. 4) which proves that U is isometric. Hence U extends to an isometric map from K to L 2 (dµ). In particular, since U (x s ) = e −sz , ∀s > 0, U carries H isometrically onto H 2 (dµ) . It is readily seen that U intertwines the semigroup {e −k T (s)} s>0 , and the semigroup of multiplication by e −sz , s > 0. The result now follows.
3. Cyclicity [3] . Recall that an operator T in a Hilbert space H is said to be cyclic if there is a vector x ∈ H whose orbit
P. S. Bourdon and J. H. Shapiro have exhaustively studied and described the cyclic behavior of linear fractional composition operators in their book Cyclic Phenomena for Composition Operators
has dense linear span. T is called hypercyclic if there is y ∈ H such that Orb(T, y) = H.
As usual x (resp. y ) is called a cyclic (resp. hypercyclic) vector for T.
In [3] the reader can find a proof of the following fact: an operator has either no hypercyclic vector or a dense G δ set of them. As a consequence, Baire's theorem implies: Every countable collection of hypercyclic operators has a common hypercyclic vector. On the other hand, [2, Theorem 2.8] implies that for any
is not cyclic (as a single operator), and that, in fact, the closed linear span of any orbit of C φa | H 2 0 has infinite codimension. Now, cyclicity (resp. hypercyclicity) deals with the fact that the set obtained by applying the integer powers of T to a cyclic (resp. hypercyclic) vector, has dense linear span (resp. is dense); however, in our case we have more powers of C φa | H 2 0 in which to rely, and this might turn out to produce a better cyclic behavior in a certain sense. are the functions
Notice that the kernels K w are linear fractional self-maps of ∆. Moreover, the symbols {φ λ a } are, in fact, scalar multiples of these kernels. Indeed,
On the other hand, it is well known (cf. [5] ) that the adjoint of any composition operator C φ : H → H, where H is a functional Hilbert space contained in A(∆),
Notice that if u s := φ 
Therefore, the analytic function g vanishes along the curve { 1 (1+a) (s+t) − 1, s ≥ 0} ⊂ ∆, which means g ≡ 0.
Remark 3.3. In general, for a strongly continuous semigroup {T (s)} s≥0 , there are constants w ∈ R and M ≥ 1 such that T (s) ≤ M e ws (cf. [13] , Proposition I.5.5).
cf. [10, Theorem 2.14].
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